When A is a unital simple AF C Ã -algebra and has a unique tracial state, it is shown that the crossed product of the two-sided infinite tensor product # Z A by the shift is a tracially AF C Ã -algebra. A similar result is given to the crossed product of a certain non-unital two-sided infinite tensor product by the shift. Applying a far-reaching classification result of such C Ã -algebras by H. Lin, we obtain an example of a one-parameter automorphism group on some AF C Ã -algebra which is not approximately inner, a counter-example to the AF version of the so-called Powers-Sakai conjecture [23] .
Introduction
By a non-commutative shift we mean the shift automorphism s of the two-sided infinite (minimal) tensor product # Z A of copies of some unital (non-commutative) C Ã -algebra A: Except for some special cases, the shift s induces a non-trivial action on K theory; e.g., if the C Ã -algebra A is AF, s Ã fixes no non-zero elements of K 0 ð# Z AÞ which are rationally independent of the class ½1 of the unit. Our general aim is to study the shift s; more specifically in this note, the crossed product ð# Z AÞ Â s Z; also as a typical example of crossed products by automorphisms inducing non-trivial actions on K theory.
Before going into details we list some results known for non-commutative shifts. (1) If A is completely non-commutative in the sense that A contains a finitedimensional C Ã -subalgebra D such that 1AD and D has no one-dimensional direct E-mail address: kishi@math.sci.hokudai.ac.jp. summands, then s has the Rohlin property [17] ; a fact which will be often used in this note. (2) If A is a UHF C Ã -algebra or a full matrix algebra, then the crossed product ð# Z AÞ Â s Z is a unital simple AT algebra of real rank zero, since the shift is approximately inner (and so induces the identity map on K 0 ð# Z AÞ) [7, 15, 16] . (3) If A is a unital prime AF C Ã -algebra (or a full matrix algebra), then the pure s-invariant states are dense in the s-invariant states of # Z A [12, 6] . (Only this property depends on s itself; all the other properties above and below depend just on its outer conjugacy class.) We will also state the following facts. (4) If A is a unital AF C Ã -algebra, then K i ð# Z A Â s ZÞ is a torsion-free abelian group for i ¼ 0; 1: (5) If A is a finite-dimensional C Ã -algebra with non-trivial center, then # Z A Â s Z is not an AT C Ã -algebra. But we should note that this is certainly AF embeddable (i.e., isomorphic to a C Ã -subalgebra of an AF C Ã -algebra); in general if A is AF embeddable, then # Z A Â s Z is also AF embeddable (cf. [8] ).
What we can add in this note is (6) if A is a unital simple AF C Ã -algebra with a unique tracial state, then the crossed product ð# Z AÞ Â s Z is a unital simple tracially AF C Ã -algebra. This is an attempt to extend the result (2) above but we are still short of showing that ð# Z AÞ Â s Z is an AT C Ã -algebra. The reason why we can prove the above assertion (6) is that if the unital simple AF C Ã -algebra has a unique tracial state, then it is tracially UHF (see Lemma 2.4); anyway such a C Ã -algebra is not very far from being UHF; but the fact of not being UHF also reflects on the conclusion in comparison with (2) above.
In the second part of this note we consider a non-unital version of the above result. This means that we specify two projections e À ; e þ AA and we use e À (resp. e þ ) as a unit as we move to the left (resp. right); i.e., setting an embedding # n Àn A-# nþ1
ÀnÀ1
A as x/e À #x#e þ for n ¼ 1; 2; y; we define the inductive limit C Ã -algebra # Z ðA; e À ; e þ Þ; on which the shift s is well-defined. In this setting we show the following: (7) If A is an AF C Ã -algebra and ½e À a½e þ in K 0 ðAÞ; then K 1 ð# Z ðA; e À ; e þ Þ Â s ZÞ ¼ f0g: (8) If A is an AF C Ã -algebra and ½e À a½e þ and if pj ½e À À ½e þ then both pj ½e À and pj ½e þ for all prime numbers p; then K 0 ð# Z ðA; e À ; e þ Þ Â s ZÞ is a torsion-free abelian group. (9) If A is a unital simple AF C Ã -algebra with a unique tracial state t and tðe À Þ ¼ tðe þ Þ; then # Z ðA; e À ; e þ Þ Â s Z is a tracially AF C Ã -algebra. We should hastily add that if tðe À Þatðe þ Þ; then # Z ðA; e À ; e þ Þ Â s Z is purely infinite [13, 14, 22, 24] ; so only the finite case tðe À Þ ¼ tðe þ Þ has remained for clarification.
What I was hoping for was to prove that # Z ðA; e À ; e þ Þ Â s Z is an AF C Ã -algebra in the situation of (9) with e À ; e þ satisfying the condition in (8) . If successful, this would give an example of an action of T on some unital simple AF C Ã -algebra whose fixed point algebra is again simple, a counter-example to the (AF version of) Powers-Sakai conjecture [23, 25] (which says that any strongly continuous oneparameter automorphism group of an AF C Ã -algebra is approximately inner; in particular that in the periodic case the fixed point algebra is not simple). This way of constructing possible counter-examples to this conjecture had perhaps been known (cf. [3] [4] [5] ) but it became plausible only after Elliott's paper [11] appeared-I owe this point to A. Kumjian.
In a recent preprint H. Lin [20] has shown a remarkable result: If B is a unital separable nuclear simple tracially AF C Ã -algebra and satisfies the Universal Coefficient Theorem, then B is determined by its K theoretic data ðK 0 ðAÞ; K 0 ðAÞ þ ; ½1 A ; K 1 ðAÞÞ: (Earlier than this, he defined a notion of tracial topological rank; tracially AF C Ã -algebras are those of tracial topological rank zero.) Note that unital simple AF C Ã -algebras are in this class. Hence in the situation of (9) with (8), it follows that B ¼ ð# Z ðA; e À ; e þ Þ Â s ZÞ is an AF C Ã -algebra. If e is a non-zero projection in # Z ðA; e À ; e þ Þ; then D ¼ ðe#1ÞBðe#1Þ is a unital AF C Ã -algebra which is left invariant under the dual action of s: If we denote by a the restriction of this action to D; we have the following situation: D is a unital simple AF C Ã -algebra, a is an action of T on D; and the fixed point algebra D a is simple (being isomorphic to eð# Z ðA; e À ; e þ ÞÞe). Thus relying on Lin's result [20] , we obtain a counter-example to the (AF version of) Powers-Sakai conjecture, i.e. a; as a one-parameter automorphism group of D; is not approximately inner. (Since D cannot be a UHF C Ã -algebra, this does not give a counter-example to the original Powers-Sakai conjecture.) Note also that if E is a unital C Ã -algebra and b is a strongly continuous one-parameter automorphism group of E; then a#b is never approximately inner on B#E: (Because if it were, a#b should have a ground state, which would give a ground state for a:) In this way we could get more examples (see [25] ). Formally we state: Theorem 1.1. There exists a unital simple AF C Ã -algebra A and a strongly continuous one-parameter automorphism group a of A such that a is not approximately inner.
Before concluding Introduction we will explain some definitions used above and to be used below. A (separable) C Ã -algebra A is called AF (approximately finitedimensional) if there is an increasing sequence ðA n Þ of C Ã -subalgebras of A with A ¼ , n A n such that dim A n oN for all n; and is called AT [11] if we replace the condition dim A n oN by A n DB n #CðTÞ with dim B n oN in the above definition. We say that a unital (separable) C Ã -algebra A has real rank zero [9] if the invertible elements are dense in the self-adjoint part A sa ¼ fxAA j x Ã ¼ xg and that A is approximately divisible [2] if A has a central sequence ðD n Þ of C Ã -subalgebras such that 1AD n ; dim D n oN; and D n has no one-dimensional direct summands for all n: If A is a unital approximately divisible exact C Ã -algebra with a unique tracial state, then A has real rank zero [2] . If A is not unital, A has real rank zero if A has an approximate unit ðp n Þ consisting of projections such that p n Ap n has real rank zero. (This is equivalent to saying that A þ C1 has real rank zero.)
The notion of tracially AF was introduced by H. Lin. A unital simple C Ã -algebra A is called tracially AF (approximately finite-dimensional) (or, more recently, of tracial topological rank zero) if for any finite subset F of A; any e40; and any nonzero qAA þ ; there is a non-zero projection pAA and a finite-dimensional C Ã -subalgebra D of pAp with pAD such that 1. 8aAF jj½p; ajjoe; 2. 8aAF distðpap; DÞoe;
where UðAÞ is the unitary group of A (see 1.2 of [18] and also [10, 19, 20] where t is the unique tracial state of A (see, e.g., [21] ). Lin [18] shows that if A is a unital simple tracially AF C Ã -algebra, then A has real rank zero and stable rank one (though we will not need this fact).
If A is a non-unital simple C Ã -algebra, A is tracially AF if A has an approximate unit ðp i Þ consisting of projections such that p i Ap i is tracially AF for each i:
Unital tensor products
Let A be a unital AF C Ã -algebra. We denote by # Z A the infinite tensor product C Ã -algebra # iAZ AðiÞ with AðiÞ A and by s the automorphism of # iAZ AðiÞ sending xAAðiÞ to xAAði þ 1Þ; s will be called the shift (automorphism) of # Z A:
Proposition 2.1. If A is a unital AF C Ã -algebra, then K i ð# Z A Â s ZÞ is a torsion-free abelian group for i ¼ 0; 1: Moreover K 1 ð# Z A Â s ZÞ is isomorphic to the subfield of Q generated by fnAN; ½1 ¼ ng for some gAK 0 ðAÞg:
Proof. Let F denote the subfield of Q generated by fnAN; ½1 ¼ ng for some gAK 0 ðAÞg: Then it follows that K 0 ð# Z AÞ is a module over F and that s Ã is a module homomorphism. Since by the Pimsner-Voiculescu exact sequence K 1 ð# Z A Â s ZÞ is the kernel of id À s Ã on K 0 ð# Z AÞ; it suffices to show that if g ¼ s Ã ðgÞ; then gAF ½1: Since g ¼ s k Ã ðgÞ for any kAN; this follows from the fact that if G is a torsion-free abelian group and h#g ¼ g#h in G#G; then h and g are rationally dependent.
By the Pimsner-Voiculescu exact sequence again K 0 ð# Z A Â s ZÞ is isomorphic to K 0 ð# Z AÞ=Rangeðid À s Ã Þ; which we have to show is torsion-free. Suppose that g À s Ã ðgÞ ¼ nh for some non-zero g; hAK 0 ð# Z AÞ and n ¼ 2; 3; y : We have to show that g is of the form ng 0 þ a½1 with aAF : We may suppose that no prime factors of n appear in F : Proof. If # Z A Â s Z were an AT algebra, then any quotient would be an AT algebra. If we denote by L the maximal ideal space of A (which is a finite set), then the center of # Z A is identified with CðP Z LÞ: We take two distinct points p À ; p þ AL and define a point xAP Z L by x n ¼ p À for no0 and x n ¼ p þ for nX0: Let O be the translation invariant closed subset of P Z L generated by x: Then it follows that O consists of the translates of x and two limit points ðp À Þ; ðp þ Þ; i.e., O is homeomorphic to fÀNg,Z,fþNg: Let I denote the ideal of # Z A generated by CðO c Þ; which is s-invariant, and E þ denote the characteristic function of f1; 2; yg,fþNg: Then one can see that
where U s is the unitary implementing s: Since this quotient contains a proper isometry U s E þ þ 1 À E þ ; it cannot be an AT algebra. & Theorem 2.3. Let A be a unital simple AF C Ã -algebra with a unique tracial state and let s denote the shift automorphism of # Z A: Then the crossed product ð# Z AÞ Â s Z is a unital simple tracially AF C Ã -algebra with a unique tracial state.
If A is an AF C Ã -algebra, we denote by TðAÞ the tracial state space of A: There is a natural order-preserving homomorphism j of K 0 ðAÞ into AffðTðAÞÞ; the real affine continuous functions on TðAÞ; and if gAK 0 ðAÞ and jðgÞ40 (or jðgÞ is strictly positive on TðAÞ), then g40 (or g is positive and non-zero). We introduce an order Proof. From the inductive system A 1 -A 2 -?; we obtain the inductive system of dimension groups K 0 ðA 1 Þ-K 0 ðA 2 Þ-?: By identifying K n ðA n Þ with Z k n ; where k n is the dimension of the center of A n ; we obtain the k nþ1 by k n matrix w n with nonnegative integer components such that K 0 ðA n Þ-K 0 ðA nþ1 Þ is given by the multiplication of w n : For mon we let w mn denote w nÀ1 w nÀ2 ?w m ; which gives the map K 0 ðA m Þ-K 0 ðA n Þ: Let x n be the element of Z k n corresponding to 1AA n : By the assumption that A has a unique tracial state, say t; it follows that for any i n Af1; 2; y; k n g; w 1n ði n ; jÞx 1 ðjÞ x n ði n Þ j converges to a fixed vector in R k 1 as n-N: Denoting by ðp ni Þ the minimal central projections of A n ; indexed according to the indexing of Z k n ; we note that x n ðiÞ ¼ rankðp ni Þ in A n and that the above fixed vector is ðtðp 11 Þ; tðp 12 Þ; y; tðp 1k 1 ÞÞ ðm j Þ: We notice that m j 40 and P j m j ¼ 1: Hence for any e40 there exists a kAN such that for any nAN with nXk; any i ¼ 1; 2; y; k n ; and any j ¼ 1; y; k 1 ;
First we find a rational c j =d j (c j ; d j AN) such that c j b1 and
Second we find an nAN such that 0p w 1n ði; jÞ
Setting d to be the least common multiple of
we express x n ðiÞ as a i d þ r i with a i AN and 0pr i od and deduce that
We note that
x n ðiÞ w 1n ði; jÞ :
As n-N; the right-hand side gets smaller than 1=c j ; which we can assume is arbitrarily small. Set 
Proof. By the previous lemma we find a kAN; a projection pAA k -A 
We can then construct a unitary uA# Z A 3 such that jjw À u Ã sðuÞjjB1=c; by using ðe ij Þ and short continuous paths from w cþ1 ; w c to 1 applied by s j ; 0pjpc; where w j 's are the unitaries defined by w 0 ¼ 1; w j ¼ wsðw jÀ1 Þ: By setting c ¼ ½ðk À 1Þ=2 and choosing the paths in # 
ÞÞ (see 2.11 of [17] ). We define, for i ¼ Àc; Àc þ 1; y; c;
ÀnÀkÀcþi pÞ:
Since e can be made small independently of n; k; c 1 ; c 2 ; we can assume that e is so small that we still have that 
We can see that F is indeed a projection and that
Here we note that e is a projection in ð# Z A 4 -A 
Thus we obtain that F AD Proof. This will be proven just as Lemma 2.5 is.
As in the proof of Lemma 2.5, we obtain a projection pAA 2 -A 
Here ðF i Þ is an orthogonal family of projections such that Ad 
Since Ad z 0 jC 1 has period 2n þ k þ 1; the spectral gap of z 0 is no greater than 2p=ð2n þ k þ 1Þ: Hence there is a 2 by 2 matrix C Ã -subalgebra C 2 of C 1 such that jjðAd z 0 À idÞjC 2 jj is at most of the order of 1=ð2n þ k þ 1Þ: Since idjC 2 
CAd U s jC 2 ; C 2 has the desired properties for C: The other properties are also satisfied just as in the proof of Lemma 2.5. & Lemma 2.8. Let A be a unital simple AF C Ã -algebra with a unique tracial state and let ðA n Þ be as usual. For any nAN and e40 there exists a C Ã -subalgebra C of ð# Z AÞ Â s Z and a unitary V Að# Z AÞ Â s Z such that C{1; CCð# n Àn A 1 Þ 0 ; CDM 2 "M 3 ; jjV À 1jjoe; and Ad VU s jC ¼ id:
Proof. We use the previous lemma for a sufficiently small e40; where in the conclusion we may replace A by A k for a sufficiently large k: By changing indices we may assume that k ¼ 2:
Let cAN be such that cb1 and coð3eÞ À1 : By using the Rohlin property for s on 
Then y belongs to ð# Z A-A This concludes the proof that ð# Z AÞ Â s Z is a tracially AF C Ã -algebra.
Non-unital tensor products
If we are given a C Ã -algebra AðiÞ and a non-zero projection e i AAðiÞ for each iAZ; we define a C Ã -algebra # iAZ ðAðiÞ; e i Þ as the inductive limit of the following inductive system ðA L ; j L 1 ;L 2 Þ: For each finite set L of Z let A L be the (minimal) tensor product of fAðiÞ; iALg and for
If AðiÞ is unital and e i ¼ 1 for every i; then # iAZ ðAðiÞ; e i Þ is just the usual tensor product # iAZ AðiÞ:
Suppose that all AðiÞ's are unital but e i a1 for infinitely many i: Then # iAZ ðAðiÞ; e i Þ is a non-unital C Ã -algebra and # iAZ AðiÞ can be naturally regarded as a multiplier algebra of # iAZ ðAðiÞ; e i Þ: Suppose that we are given another projection e Suppose that we are given a C Ã -algebra A and that AðiÞ ¼ A: Let e À and e þ be non-zero projections in A and let e i ¼ e þ for iX0 and e i ¼ e À for io0: In this case since e iþ1 ¼ e i except for i ¼ À1; we can define a shift automorphism s of # Z ðA; e À ; e þ Þ # iAZ ðAðiÞ; e i Þ by xAAðiÞ/xAAði þ 1Þ:
Suppose that we are given another pair e Suppose that A is a non-unital AF C Ã -algebra and e À ; e þ are projections in A: By changing e À ; e þ by equivalent projections if necessary, we may assume that there is an approximate unit ðe n Þ consisting of projections such that e 1 Xe À ; e þ : Then ð# Z ðe n Ae n ; e À ; e þ ÞÞ n is an increasing sequence of s-invariant hereditary C Ã -subalgebras of # Z ðA; e À ; e þ Þ with dense union. Thus it follows that ð# Z ðe n Ae n ; e À ; e þ Þ Â s ZÞ is also an increasing sequence of hereditary C Ã -subalgebras of # Z ðA; e À ; e þ Þ Â s Z with dense union. Thus when we consider the crossed products, there will be no loss of generality by assuming that A is unital. Proposition 3.1. If A is an AF C Ã -algebra and ½e À a½e þ ; then K 1 ð# Z ðA; e À ; e þ Þ Â s ZÞ is zero.
Proof. We have to show that the kernel of id À s Ã on K 0 ð# Z ðA; e À ; e þ ÞÞ is f0g: Suppose that g ¼ s Ã ðgÞ for some gAK 0 ð# Z ðA; e À ; e þ ÞÞ: There is an nAN such that gAK 0 ð# n Àn ðA; e À ; e þ ÞÞCK 0 ð# Z ðA; e À ; e þ ÞÞ: Since g ¼ s 2nþ1 Ã ðgÞ and the n þ 1st factor of g (resp. s 2nþ1 Ã ðgÞ) is ½e þ (resp. ½e À ), if ½e À and ½e þ are rationally independent, it follows that g ¼ 0: If m½e þ ¼ c½e À with mac; then deleting the common factor m½e þ ¼ c½e À at n þ 1AZ from mg and cs
Ã -algebra, ½e À a½e þ ; and if pj ½e À À ½e þ then pj ½e À and pj ½e þ for all prime numbers p, then K 0 ð# Z ðA; e À ; e þ Þ Â s ZÞ is torsion-free.
Proof. We have to show that K 0 ð# Z ðA; e À ; e þ ÞÞ=Rangeðid À s Ã Þ is torsion-free.
Let F be the subfield of Q generated by fnAN; n divides ½e À or ½e þ g:
e þ ÞÞ is a module over F and s Ã is a module homomorphism. Suppose that K 0 ð# Z ðA; e À ; e þ ÞÞ=Rangeðid À s Ã Þ has torsion and let h be an element not in the range of id À s Ã but nh ¼ g À s Ã ðgÞ for some n41 and gAK 0 ð# Z ðA; e À ; e þ ÞÞ: We suppose that n is the smallest positive integer with this property. In particular no prime factors of n appear in F : Since g À s k Ã ðgÞ is divisible by n for any kAN; we are led to the following situation: If G ¼ K 0 ðAÞ #m for some mAN; there is a gAG such that x À #g À g#x þ is divisible by n; where x 7 ¼ ½e 7 #m :
We may then replace K 0 ðAÞ by Z c for some cAN and so G by Z mc : Our standing assumption says that no prime factors of n divide either x À or x þ :
Let p be a prime factor of n and let s be the maximum integer such that p s j n: If there is a component g i of g such that p s does not divide g i ; then by the same argument used in the proof of A1, we have that g ¼ p sÀt g 0 þ dx þ ; where s À t40: If p j d then p j g; which contradicts the choice of n: Thus we are led to the situation that x À #x þ À x þ #x þ is divisible by p; which means x À À x þ is divisible by p (since x þ is not). Since ½e À À ½e þ is not divisible by p by the assumption, it follows that ½e À #m À ½e þ #m is not. Hence we have reached a contradiction. & Theorem 3.3. Let A be a unital simple AF C Ã -algebra with a unique tracial state t and let e À ; e þ be non-zero projections in A such that tðe À Þ ¼ tðe þ Þo1: Then # Z ðA; e À ; e þ Þ Â s Z is a simple tracially AF C Ã -algebra, which admits a densely defined lower semi-continuous trace, unique up to constant multiples.
There is a (unique up to constant multiples, densely defined lower semicontinuous) trace on # Z ðA; e À ; e þ Þ which is left invariant under s: Hence the part on trace is obvious in the above assertion.
Let ðA n Þ be an increasing sequence of finite-dimensional C Ã -subalgebras of A with A ¼ , n A n and A 1 {1: Let e À ; e þ AA 1 be projections such that 0otðe À Þ ¼ tðe þ Þo1: For mpn we denote the identity of # n m A in # Z ðA; e À ; e þ Þ by 1 ðm;nÞ : We shall show that for any nAN and e40 there is a C Ã subalgebra C of # Z ðA; e À ; e þ Þ Â s Z such that
C Cð# This implies that for any finite subset F of # Z ðA; e À ; e þ Þ Â s Z and any e40 there is a C Ã subalgebra C such that jjð1 À 1 C Þyjjoe for yAF; jj½x; yjjoejjxjj for xAC and yAF; and CDM 2 "M 3 : Hence it follows that for any projection pA# Z ðA; e À ; e þ Þ Â s Z; pð# Z ðA; e À ; e þ Þ Â s ZÞp is approximately divisible and thus has real rank zero. Then one can conclude that # Z ðA; e À ; e þ Þ Â s Z has real rank zero (or # Z ðA; e À ; e þ Þ Â s Z þ C1 has real rank zero [9] ).
In Lemma 3.5 we shall show that # Z ðA; e À ; e þ Þ Â s Z is tracially AT, i.e., for any nAN and e40 there is a C Ã -subalgebra D of # Z ðA; e À ; e þ Þ Â s Z such that D is isomorphic to (a quotient of) the tensor product of a full matrix algebra and CðTÞ; and Since ð1 ðÀn;nÞ Þ forms an approximate identity for # Z ðA; e À ; e þ Þ Â s Z; this implies that for any projection pA# Z ðA; e À ; e þ Þ Â s Z; the hereditary C Ã -subalgebra cut down by p is tracially AT. Using the fact that # Z ðA; e À ; e þ Þ Â s Z has real rank zero, which will be shown later, we conclude that it is tracially AF, in the same way as in the unital case. Note also that if ½e À a½e þ ; then # Z ðA k ; e À ; e þ Þ Â s Z has purely infinite quotients for any k:
First we shall give an analogue of 2.4.
Lemma 3.4. Let A be a unital simple AF C Ã -algebra with a unique tracial state and let ðA n Þ and e À ; e þ AA 1 as above. Then for any e40 there exist a kAN; a projection Proof. If ½e À ¼ ½e þ then we may assume that ½e À ¼ ½e þ in K 0 ðA 1 Þ and then this is just Lemma 2.4. Assuming that ½e À a½e þ we will extend Lemma 2.4, adopting the same notation as in its proof.
When we choose c j ; d j AN for j ¼ 1; 2; y; k 1 there (such that c j =d j approximates m j =x 1 ðjÞ), we have to impose an extra condition corresponding to ½pe þ ¼ ½pe À ; i.e., we have to find c j ; d j AN such that c j b1 and
where dimðe 7 p 1j Þ is the dimension of e 7 p 1j in
which follows from tðe À Þ ¼ tðe þ Þ; both fj; dimðe À p 1j Þ4dimðe þ p 1j Þg and fj; dimðe À p 1j Þodimðe þ p 1j Þg are non-empty. Hence we can find c j AN such that c j b1 and
By assuming that x 1 ðjÞ=m j 41; we can then find d j AN satisfying
Having defined c j ; d j we can proceed as in the proof of 2.4. & Lemma 3.5. Let A be a unital simple AF C Ã -algebra with a unique tracial state t and let ðA n Þ and e À ; e þ AA 1 as above. For any nAN and e40 there exist a kAN; a projection eA# Z ðA k -A 0 1 Þ; a projection gA# Z ðA k ; e À ; e þ Þ; a full matrix C Ã -subalgebra D of # Z A k ; a projection F Að# Z A k Þ Â s Z; and a unitary V in the multiplier algebra of # Z ðA k ; e À ; e þ Þ Â s Z such that
F ; e; g AD 0 ;
½F ; g ¼ 0;
½e; g ¼ 0; 
Proof. This will be proven just as Lemma 2.5 is. We use the same notation as in its proof. We select a projection pAA 2 -A (which is in the multiplier algebra) we will choose a unitary u in the multiplier algebra just as in the proof of 2.5. For example u belongs to the C Ã -subalgebra generated by # Proof. We use the previous lemma for a sufficiently small e40; where in the conclusion we may replace A by A k for a sufficiently large k: By changing indices we may assume that k ¼ 2:
Let cAN be such that cb1 and coð3eÞ À1 : By using the Rohlin property for s on # Z A-A 
